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QUANTUM TOROIDAL ALGEBRAS AND MOTIVIC HALL ALGEBRAS 
I. HALL ALGEBRAS FOR SINGULAR ELLIPTIC CURVES 

SHINTAROU YANAGIDA 


Abstract. We consider the motivic Hall algebra of coherent sheaves over an irreducible 
reduced projective curve of arithmetic genus 1. We introduce the composition subalgebra 
in the singular curve case, and show that it is isomorphic to the composition subalgebra 
for a smooth elliptic curve. As in the case of smooth elliptic case studied by Burban and 
Schiffmann, the reduced Drinfeld double of the composition subalgebra is isomorphic to 
the quantum toroidal algebra for (also called Ding-Iohara-Miki algebra), and it inherits 
automorphisms induced from equivalences of the associated derived category. We show that 
one of the non-trivial automorphisms coincide with the one constructed by Miki in a purely 
algebraic manner. 


0. Introduction 

This paper is the hrst part of the study on the relationship between the quantum toroidal 
algebras and the motivic Hall algebras of projective curves of arithmetic genus one. In this 
paper we prepare some generalities on motivic Hall algebras and restate known result on the 
Ringel-Hall algebras for curves. The new results given in this paper is relatively few. 

This paper arises from the investigation of what should be called the quantum toroidal 
algebra for gl^. We will denote it by U. It has two parameters qi and q 2 - This name 
comes from the quantum toroidal algebra for g[„ (n > 2) introduced in the work [GKV95] 
of Ginzburg, Kapranov and Vasserot in the middle 1990s. 

The algebra U has several other names. As far as we know, it was first introduced in 
the work [BuS12] of Burban and Schiffmann with the name (reduced Drinfeld double of) 
elliptic Hall algebra. Miki [Mi07] called (g,yj-analog of lUi+oo, In the paper [FHHSY], 
B. Feigin, Hashizume, Hoshino, Shiraishi and the author called it the Ding-Iohara algebra. 
In the paper [FTll], B. Feigin and Tsymbaliuk also used the same name. The papers 
[FFJMMl, FFJMM2] of B. Feigin, E. Feigin, Jimbo, Miwa and Mukhin called quantum 
continuous gl^^. 

The structure of U looks complicated when it is considered as an analogue of quantum 
affine algebra. However, following the approach of [BuS12], we have rather clear understand¬ 
ing of this algebra when we consider it as the reduced Drinfeld double of the Ringel-Hall 
algebra for a smooth elliptic curve defined over a hnite field F^. It has a natural 7?- 
grading, where 7? appears as Num(Coh(Esm)), the numerical Grothendieck group of the 
category Coh(Esm) of coherent sheaves. 

Burban and Schiffmann also constructed an action of Aut(D^Qj^(Esm)) on the algebra U. 
They identihed an action by a certain Fourier-Mukai transform with the with Miki’s auto¬ 
morphism 9. 

Now we want to consider the Ringel-Hall algebra of coherent sheaves over a singular elliptic 
curve E. The hrst main theorem is that the composition subalgebra is isomorphic to that 
for a smooth elliptic curve. 

Theorem (Theorem 7.3). Denote by U(E) the eomposition subalgebra of the Ringel-Hall 
algebra for E. Denote by Dj.edU(i7) the reduced Drinfeld double of the bialgebra U(i7) Then 
Di.edU(E) is isomorphic to U, where the parameter qi,q 2 in U appears as the inverse of the 
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zeros of the motivic zeta funetion of E. Namely we put 


Cmot(-^j 


(1 -qiz){l-q2z) 

(1 - z){l - qz) 


As in the case for a smooth elliptic curve studied by Durban and Schiffmann, the reduced 
Drinfeld double of the composition subalgebra, isomorphic to the so-called Ding-Iohara- 
Miki algebra, inherits automorphisms induced from equivalences of the associated derived 
category. We will show that one of the non-trivial automorphisms coincides with the one 
constructed by Miki for Ding-Iohara-Miki algebra. 


Theorem (Theorem 7.4). There is a Fourier-Mukai transform indueing the algebra auto¬ 
morphism = 9 on Di.edU(i7) = U. 

In the course of the study, we hud that the motivic formalism of Hall algebras is convenient 
to circumvent technical issues on Fourier-Mukai transforms. In this paper we deal with 
generalities on the motivic Hall algebra for projective curves, and introduce the motivic 
analogue of the notions around the Ringel-Hall algebras (including the motivic version of 
the twisted and the extended Ringel-Hall algebras). The theorems cited above will be stated 
in the motivic language. 

Let us briefly spell out the organization of this paper. 

In §1 we give the dehnition of the gl^-quantum toroidal algebra U. 

§2 is the preparation of the Grothendieck group of varieties and stacks. It will be used in 
the next §3 for the introduction of the motivic Hall algebras. We also introduce Kapranov’s 
motivic zeta function, for it will be identihed with the structure constant (function) of the 
quantum toroidal algebra. 

In the section §3 we also introduce motivic analog of the notions related to the ordinary 
Ringel-Hall algebras. 

The sections §§4 - 6 are restatement of the known results on the Ringel-Hall algebras for 
a smooth curve dehned on a hnite held. We dare to include these facts in this paper for 
there is little literature treating concrete examples of motivic Hall algebras. 

In the dual section we will give the main results of the paper. This part is relatively short 
since the proofs will be almost done in the previous sections. 
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Notation. The letter { denotes a held which will be a fixed one in each context. 

We denote categories by sans-serif letters like A and S. For example, Coh(X) denotes the 
category of coherent sheaves on a scheme X. 

We denote stacks by Fraktur letters like Tl and X. For example, Tl = Tl{X) will denote 
the moduli stack of coherent sheaves on a smooth projective variety X. 

A coherent sheaf will be denoted by a calligraphy letter like S. 
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For an abelian category A, the associated Grothendieck gronp will be denoted by K{A). 
The class of an object a G A in the Grothendieck group will be denoted by a G K{A). 

1. Quantum toroidal algebra for 

We follow This dehnition is given in the paper [FJMM] of B. Feigin, Jimbo, Miwa and 
Mukhin. 

1.1. Definition. Let d and q be complex numbers such that 

qi ■= dq~^, q2 := gs := d~^q~^ 

satishes 

qTqTqT = 1 ni,n2,n3 e Z m = n2 = n^. 

Definition 1.1. The quantum toroidal algebra for gl^, denoted by U, is an associative 
C-algebra generated by 

Efc, Ffc, Hr, K^\ q^^ {kez, re Z/{0}). 
with the following dehning relation. 

KK~^ = K~^K = 1, are central, q^q~^ = q~^q'^ = 1, 

K^{z)K^{w) = K^{w)K^{z), 

hp4A'-(.)/fyu.) = 

g(g%in) ^ ^ ^ ^ g { w , q - z ) ^ ^ 

g{w,z)K^{q^^^^'^'^/^z)E{w) + g{z,w)E{w)K^{q^^^^^^/^ z) = 0 , 

[E{z),E{w)] = ^_^ {5{q^w/z)K^{z) - 5{q^z/w)K-{w)), 

g{z, w)E{z)E{w) + g{w, z)E{w)E{z) = 0, 
g{w, z)E{z)E{w) + g{z, w)E{w)E{z) = 0 
Sym„.,.|X(2i), |X( 2 j), A'W],],-. =0 (X = E or F). 

Here we used the current expression 

E{z) := EkZ-^, E{z) := FkZ-\ 


kez 


kez 

OO 


K^{z) := K^^exp(±{q-q-^)J2H± 




r=l 


We also used the functions g{z,w) given by 

g{z,w) := {z - qiw){z - q 2 w){z - qsw). 

Finally, in the last line we used the symbol Sym,^^ for the symmetrizer with respect to z,w, 
and [X, Y]q := XY - qYX. 

U can also be considered as an associative algebra dehned over Q(gi, q 2 ) with gs := gj"^g^^. 
In §6, we will treat U in this way. 

The algebra U is Z^-graded by the degree assignment 

deg(Efc) = (1,/c), deg(Ffc) = (-1,/c), deg(iLQ = (0, r), 
deg(A:) = deg(A:"Q = deg(g^'') = (0,0), 

The algebra U has also a formal coproduct 

XE{z) = E{z) ^ 1 + K-{Ciz) 0 E{Ciz), AE{z) = E{C 2 z) 0 K+{C 2 z) + 1 0 E{z), 
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Z 


Z 


Hr 

Figure 1. Grading on U 

/\K+{z) = K+{z)®K+{C^^z), ^K-{z) = K-{C:^^z)®K-{z), Ag" = g" g" 

with Cl := g^G) 1 and '■= lG)g^. This coproduct gives U the structure of formal bialgebra. 

1.2. Automorphism. In [Mi07, Theorem 2.1], Miki constructed an (algebra) automor¬ 
phism 0 of U such that 

Eq i-a —q'^H_i, Fq I—)■ aq'^Hi, 

Hi I—)■ Eq, H-i I—)■ —aFo, 
q^^K, g-" 

for some coefficient a. The automorphism 6 exchanges the Heisenberg subalgebras at and 
living on the axes in the Z^ (expressing the grading of the algebra). 




Figure 2. The automorphism 6 
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2. The Grothendieck ring of algebraig varieties and stacks 


This section is devoted to the introduction of the Grothendieck rings of varieties and 
stacks, which will be used as the coefficient ring of the motivic Hall algebra. 


2.1. Definitions. Let 6 be an arbitrary field. By a “variety over fi”, we mean a reduced and 
separated scheme of hnite type over 6. Denote by Var/6 the category of varieties over 6. 

Definition 2.1. The Grothendieck group iL(Var/t) of varieties overt is the quotient of the 
free abelian group on isomorphism classes of varieties over t, by the relations of the form 

[jf] = |y] + [jf\y], 

where T is a closed subvariety of the variety X and X \ T is the complementary open 
subvariety. 

We consider the product on K(\/ar/t) given by 

|A'|. [y] = [(A X YU], 

where the product is understood to be over Spec(t). It makes K(\/ar/t) a commutative 
associative ring with the unit 1 = [Spec(6)]. Hereafter we call this ring by the Grothendieck 
ring of varieties over t. 

We denote by 

L := [A^] e X(Var/{) 

the class of the affine line. 

Let us see some examples of computations. 


Lemma 2.2. 


(1) For the d-th general linear group GL^, 

d 

[GLJ = L'^(^-b/2 _ 1) = i^d{d-i)/2^^ _ iY[cl]+\, 

k=l 


where [n\^ := 1 + g +- h and [n]D := [!];]■ • [2]+ 

an indeterminate. 

(2) For the Grassmann variety Gr((i, n) with t) < d <n, 


[Gr((i, n)] 



• 

[d]V-[n-d]l\' 


n]+ for n G Z>o and q 


Proof. (1) See [Brl2, Lemma 2.6]. 

(2) Considering the transitive action of GLji on Gr((i, n), we have [Gr((i, n)] = [GL„] ■ 
[GLn^rf], where GL„^rf is the isotropy subgroup of the fixed d-dimensional subspace k^ of 
the total n-dimensional space k^. Since GL^ ,^ ~ GL^ x GLn-d xMd,n-d, where Mp^g is the 
collection of p x g matrices, we have 


[GL„] = [Gr(d,n)]-[GL„,,] 

= [Gr(d,n)]-[GL,]-[GL„_,]-L‘'(-''). 


Using (1), one can check the result immediately. 


□ 


2.2. Kapranov’s motivic zeta function. Let us now introduce another example of the 
calculation in K(Var/t), namely Kapranov’s motivic zeta function [Kj. This function is 
important since it will appear in the study of motivic Hall algebra of curve as the “structure 
function”. 

Let us recall the symmetric product of a variety. Let X be a quasi-projective variety over 
t. For every n G Z>i, we have a natural action of the symmetric group ©„ on the product 
X". Since X"^ is again quasi-projective, the quotient of X” by ©„ exists. This is the n-th 
symmetric product of X, which we denote by Sym'^(X). We define Sym°(X) := Spec(A;) for 
convention. 
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If t is perfect, then X” is reduced, so that Sym"'(X) is also reduced. 

Kapranov [K] introduced the motivic analogue of the Hasse-Weil zeta functions for varieties 
as the generating series of the classes of the symmetric products in the Grothendieck ring 
K(Var/{). Before writing down the dehnition, we follow [Mus] to introduce a description of 
K(Var/t) in terms of quasi-projective varieties. 

Definition 2.3. Let iL(Var/6) be the quotient of iL(Var/{) by the subgroup generated by 
the relations [X] — [K], where there is a a radicial surjective morphism X —)■ K of varieties 
over {. 

Note that X(Var/t) is a quotient ring of X(Var/{). This is because if / : X —)■ K is 
surjective and radicial, then for every variety Z, the morphism / x Id^ : X x Z ^ Y x Z 
is surjective and radicial, for / x Id^ is the base-change of / with respect to the projection 
Y X Z ^Y. 

If char(A;) = 0, then the canonical quotient map X(Var/{) —)■ X(Var/l) is an isomorphism. 

Definition 2.4. (1) Let X‘^P''(Var/t) be the quotient of the free abelian group on iso¬ 

morphism classes of quasi-projective varieties over t, modulo the relations 

HI = [i'l + A \ y] 

where X is a quasi-projective variety and K is a closed subvariety of X. We have a 
group homomorphism from X‘^P’'(Var/{) to X(Var/t). Denote it by 

$ : X(Var/t). 

(2) Dehne X‘^P''(Var/{) to be the quotient of by the relations [X] — [K], where 

we have a surjective, radicial morphism of quasi-projective varieties f : X ^ Y. 
Denote the corresponding group homomorphism by 

$ : K^P^Yar/i) K^’^{Yar/t). 

Fact 2.5 ([Mus, Proposition 7.27]). If char(/c) = 0, then $ and <h are both isomorphisms. 

Now we can explain the dehnition of the motivic zeta function. 

Definition 2.6 ([K, Mus] ). For a quasi-projective variety X over a held t, the motivic zeta 
function of X is dehned to be 

Uot(X; x) ;= 5^[Sym’^(X)]x- G 1 + x • K{Yar/t)[[z]]. 

n>0 

Fact 2.7 ([Mus, Proposition 7.28]). Assume t is perfect. The map [X] ^ Cmot(X;x) for X 
a quasi-projective variety dehnes a group homomorphism X(Var/t) 1 +t ■ X(Var/t)[[t]], 
which factors through X(Var/t). 

Here is the rationality result of the motivic zeta function for a smooth projective curve, 
originally proved by Kapranov. 

Fact 2.8 ([K, (1.1.9) Theorem], [Mus, Theorem 7.33]). Let { be a perfect held. If X is a 
smooth, geometrically connected, projective curve of genus g over t which has a t-rational 
point, then ^jnot(-^; 2 :) is a rational function. Moreover, we have 

p (X- z) - 

(l-x)(l-Lx) 

for a polynomial / of degree < 2g with coefficients in X(Var/t). 
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Proof. One can prove this statement similarly as in the case of the classical Hasse-Weil zeta 
function. Assume for simplicity that t is algebraically closed, so that a line bundle of degree 
1 exists on X. Recall that the Abel map a : Sym'^(X) —)■ Pic°(X) to the Picard variety of 
degree 0 is the projective bundle with the hber a~^{C) = P(if°(X, £)^) for each C E Pic°(X), 
so by the Riemann-Roch formula the hber is isomorphic to for d > 2g — 1, where P^ 
denotes the projective space of dimension n over t. Thus we have 

2g-2 

Cmo.(A'; z) = ^|Sym-'(A')]2'' + ^ |Pic°(A)] ■ [Ft-‘]z'‘. 

d=i) d>min{2p'—1,0} 


If 5 ^ > 1, then a calculation gives 

2g-2 


and this expression gives the consequence. The case 5 ^ = 0 is 


[Pic°(X)] (L^-s - 1) + z{]L - L^-s) 


L- 1 


(1 — z){l — Lz) 

For the proof in the case of the general base held see [Mus] 


( 2 . 1 ) 

□ 


2.3. Grothendieck ring of stacks. By the word ‘stack’, we mean an Artin stack which 
is locally of hnite type over f unless otherwise stated. We denote by St/f the 2 -category of 
Artin stacks of hnite type over t. Given a scheme S over i and a stack X, we denote by X(S') 
the groupoid of A-valued points of X. 

Definition 2.9. (1) A stack X locally of hnite type over i is said to have affine stabilizers 

if for every t-valued point x E X{t) the group Isot(a;,a;) of isomorphisms is affine. 

(2) A morphism / : X —)■ in the category St/t will be called a geometric bijection 

if it is representable and the induced functor on groupoids of t-valued points /(t) : 
X(t) —)■ 2)(t) is an equivalence of categories. 

Definition 2.10. Let iP(St/t) be the free abelian group spanned by isomorphism classes of 
stacks of hnite type over t with affine stabilizers, modulo relations 

(a) [Xi U X 2 ] = [Xi] -|- [X 2 ] for every pair of stacks Xi and X 2 , 

(b) [X] = [ 15 ] for every geometric bijection f : X if), 

(c) [Xi] = [X 2 ] for every pair of Zariski hbrations fi'.Xi^X) with the same hbres. 

Although our abelian group iF(St/t) looks extremely large, there is a comparison between 
A(St/t) and the iF(Var/t). Fiber product of stacks over t gives K{St/t) the structure of a 
commutative ring. We have a homomorphism of commutative rings 

KiWar/i) K{St/i) (2.2) 

by considering a variety as a representable stack. Now we cite 

Fact 2.11 ([Brl2, Lemma 3.9]). The morphism (2.2) induces an isomorphism of commutative 
rings 

Q : A(Var/C) [[CLJ"^ | d E Z>i] ^ iF(St/C). 

See also [T, Theorem 3.10] and [Joy07a, Theorem 4.10] for the related results. 



QUANTUM TOROIDAL ALGEBRAS AND MOTIVIC HALL ALGEBRAS I 


2.4. Relative Grothendieck ring. Fix an algebraic stack & which is locally of hnite type 
over t and has affine stabilizers. There is a 2-category of algebraic stacks over ©. Let St/© 
denote the fnll snbcategory consisting of objects / : X —)■ © for which X is of hnite type over 
t. Snch an object will be said to have affine stabilizers if the stack X has. 

Definition 2.12. Let K{St/&) be the free abelian gronp spanned by isomorphism classes 
of objects of St/© with affine stabilisers, modulo relations 

(a) for every pair of objects /i : Xi —)■ © and /2 : X 2 —)■ ©, a relation 

[Xi U X 2 ©] = [Xi ©] + [X 2 ©] 

(b) for every commutative diagram 



with g a geometric bijection, a relation 

[Xi -^ ©] = [X2 ^ ©] 

(c) for every pair of Zariski hbrations hi : Xi —)■ X and ^2 : X 2 —)■ X with the same 
hbers, and every morphism : ^^ —)■ ©, a relation 

[Xi ©] = [Xi ©]. 

The group K{St/&) has the structure of a iL(St/t)-module, dehned by setting 

[X] • [2) -4 ©] = [X X ^ ©] 

and extending linearly. 

Fact 2.13 ([Brl2, §3.5]). Assume that all stacks appearing have affine stabilizers. 

( 1 ) A morphism of stacks a : © —)■ T induces a pushforward morphism of iF(St/l)- 
modules 

a, : K{St/e) A:(St/T) 
sending [X ^4 ©] to [X > Tj. 

(2) A morphism of stacks a : © —)■ T of hnite type induces a pullback morphism of 
A'(St/{)-modules 

a* : A:(St/T) ^ A:(St/©) 

sending -4 T] to [X ^4 ©], where / is the morphism appearing in the following 
Cartesian square. 


X->2) 



(3) The pushforwards and pullbacks are functorial, i.e., ( 60 a)* = and {boa)* = a*ob* 
for composable morphisms a, b of stacks with the required properties. 

(4) Given a Cartesian square 



of stacks, we have 

b* o a, = c, o d* : K{St/&) A:(St/2J). 
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( 5 ) For every pair of stacks (©i, ©2), we have a morphism (Kiinneth morphism) 
K : K{St/&i) O iF(St/© 2 ) ^ F:(St/©i X ©2) 
of i^(St/l)-modules given by 

[Xi ©1] 0 [X2 ^ ©2] ^ [Xi X X2 ©1 X ©2]. 


3 . Motivic Hall algebra 


In this section we recall the notion of the motivic Hall algebra originally given by Joyce 
[Joy07b] for the framework of the Donaldson-Thomas type curve-counting invariant [Joy06a, 
Joy07a, Joy06b, JS12]. We mainly follow the notations given in the paper of Bridgeland 
[Brl2]. 

Fix a held and let X be a projective variety over F 

Denote by Coh(X) the category of coherent sheaves on X, and by the bounded 

derived category of Ox-modules whose cohomology sheaves are coherent and which are zero 
except for only hnitely many degrees. 

Recall that an object of is called perfect if it is isomorphic in to a bounded 

complex of locally free sheaves of hnite rank. A sheaf is called perfect if it is perfect as an 
object of If X is smooth, then every object of is perfect. 


3.1. Moduli of flags. We begin with the setting of moduli stacks of hags of coherent sheaves 
on X. Since we are considering projective varieties which are not necessarily smooth, the 
phrase ‘perfect’ will appear to circumvent technical issues. As mentioned above, if X is 
smooth, then one may remove the perfectness condition. 

Let denote the moduli stack of n-hags of perfect coherent sheaves on X. 

The objects over a scheme S are chains of monomorphisms of perfect coherent sheaves on 
S' X X of the form 


0 — Sq —y Si —y • • • —y S^ — S 


( 3 . 1 ) 


such that each factor X) ;= SijSi-i is S'-hat. If 

is another such object over a scheme T, then a morphism in lying over a morphism of 
schemes / : T —)■ S' is a collection of isomorphisms of sheaves 

e ,: /*(S,) ^ S' 


such that each diagram 

Qi I I Si+l 


commutes. We also denote Tl := 

As in [Brl2, Lemma 4.1], one can show that is an algebraic stack using the relative 
Quot scheme and induction on n. 

There are morphisms of stacks 

at : m 

ioT 1 < i < n, dehned by sending a flag (3.1) to its Ath factor X* = Si/Si^i. There is another 
morphism 

b: m 


sending a flag (3.1) to the sheaf Sn = S. 

The morphisms ajs and b satisfy the iso-hbration property in the sense of [Brl2, §A.l]. 
A morphism / : X —)■ of stacks is called an iso-hbration if the following holds. Let S be 



QUANTUM TOROIDAL ALGEBRAS AND MOTIVIC HALL ALGEBRAS I 


10 


any scheme and 0 : a —)■ & be an isomorphism in the groupoid ^(5'). Suppose there is an 
a' G X(*S') such that /(o') = a. Then there is an isomorphism 9' : a' ^ b' in X(S') such that 
f{9') = 6. See [Brl2, Lemma A.l] for the claim which yields the iso-hbration property of 
ads and b. 

Using the iso-hbration property of the morphisms a* and b, we hnd that for n G Z>i there 
is a Cartesian square 

^{ 2 ) ^ 

s ai 

b 

where s and t send a hag (3.1) to the hags 

8i ^ ^ Sn-i and Sn-i ^ 8n 

respectively. 

As noted in [Brl2], the morphism ( 01 , 02 ) is not representable. However the following 
lemma holds, and it will be used for the dehnition of the motivic Hall algebra. 

Lemma 3.1. The morphism ( 01 , 02 ) is of finite type. 

Proof. The proof of [Brl2, Lemma 4.2] using regularity of sheaves can be applied in our 
situation since we are considering the perfect sheaves. □ 

3.2. The definition of the motivic Hall algebra. Recall that we denote by Olt = 91l(X) 
the moduli stack of coherent sheaves over the smooth projective variety X. 

Definition 3.2. (1) Set 

H(X) := K{St/m). 

(2) Consider the diagram 

971(2) ^ ^ 

{ai,a2) 

TlxTl 

where the morphisms Oi, 02 and b send a hag Ei ^ E to the sheaves Ei, E/Ei 
and E respectively. Now introduce a morphism m : H(X) (8) H(X) —> H(X) of 
A'(St/{)-modules by the composition 

m : H(X) X H(X) =K{St/Tl) x A:(St/97t) K{St/m x 971) 

> A:(St/97t(2)) A:(St/97t) = H(X), 

which we call the convolution product. We will also use the symbol o for the convo¬ 
lution product as a binary operator. 

Remark 3.3. The convolution product can be rewritten as 

[Xi 97t] o [X 2 971] = [3 971], 

where 3 and h are dehned by the following Cartesian square. 

3 - - -^ 97t(2) — —^ 97t 

(01,012) 

Xi X X 2 -^ 97t X 971 

/1X/2 
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Fact 3.4 ([Brl2, Theorem 4.3]). The convolution product m gives H(X) the structure of 
an associative unital algebra over K{St/t). The unit element is 1 := [OJto ^ where 
OJto — Spec(/c) is the substack of zero objects. 

3.3. Coproduct. As in the case of the ordinary Ringel-Hall algebra, the motivic Hall algebra 
H(X) has a coproduct, and if dimX = 1 then H(X) is a bialgebra. Also one can introduce 
the extended algebra and the Hall pairing similar to the ordinary Ringel-Hall algebra. In 
this subsection we introduce the motivic version of these notions. We assume the readers 
are familiar to the ordinary Ringel-Hall case, and omit some detailed arguments. For the 
ordinary case, we cite [G95] as the original literature, and cite [S, Lect. 1] as a nice review. 
Hereafter let X be a smooth projective variety over a held 6. The Euler form 

:= dimt Ext*(£^, X) 

i 

on the category Coh(X) induces a bilinear form on the Grothendieck group A'(Coh(X)). 
Denote the left radical with respect to this form by iF(Coh(X))-*-, and set 

Num(X) := A:(Coh(X))/A:(Coh(X))^, (3.2) 

which is usually called the numerical Grothendieck group. Let 

T C Num(X) 

be the submonoid generated by the effective classes. Throughout this paper, an element of 
A(Coh(X)) or Num(X) representing S G Coh(X) is denoted by 

S e A:(Coh(X)) or Num(X). 

Then the stack = Tl{X) has a decomposition 

oji = IJ 

oer 

Here VJHa denotes the open and closed substack of Tl{X) whose objects have the classes 
a G T in Num(X).. 

The injection VJHa ^ 371 induces a iF(St/{)-module injective homomorphism K{St/‘^a) 
^(St/DTt), and the above decomposition yields the direct sum decomposition 

H(A') = 0H(A')„, H(A')„ := A'(St/W„) (3.3) 

«er 

of ^(St/tj-module. Then H(X) is a T-graded algebra with respect to o. 

Let us hx a square root = \/L of L, and set 

Definition 3.5. (1) Let Ht„(X) be the K-algebra structure on H(X) = iF(St/07t(X)) 

with the product 

Xa * Xi3 := o XjS. 

Here x^ (resp. x^^) is an element of H(X)^ (resp. H(X)^) in the decomposition (3.3). 
(2) Let Hext(W) be the K-algebra which is obtained as an extension of Htw(X) by 

{ka I a G Num(X)} 

with the following relations. 

ka* k0 = ka+Pi ka* XjS = L * ka- (3.4) 

Here a, (3 ^ Num(X) and Xjs G H(X)^. 

We immediately have 
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Lemma 3.6. The extended motivic Hall algebra Hext(-^) is T-graded algebra with respect to 

*. 

Next we introduce the motivic version of the Green coproduct [G95]. Denote by ® the 
completion of the tensor product with respect to the grading (3.3). 

Definition 3.7. (1) Define A ; H(X) ^ H(X) § H(X) as 

A ; H(A) =K{St/m) ^ K{St/m x OJt) 

^ K{St/Dn) ® K{St/m) = H(A) ® H(A). 

(2) Define A : Hext(A) Hext(X) 0 Hext(X) by 

A{xka) = Sa O A{x). 

Here 6a '■ H(A) 0 H(A) —> Hext(^) G)Hext(^) is defined as a linear extension of 

6a{x 0 yg) := xka+g 0 ygka 
with yg G H(A)^ and x G H(A). 

As an immediate consequence of the ordinary Ringel-Hall algebra associated to a finitary 
abelian category of global dimension 1 [G95], we have 

Proposition 3.8. If X is a smooth projective curve over a field i, then Hext(A) is a K- 
bialgebra with respect to * and A. 

Next we introduce the motivic version of Green’s scalar product. 

Definition 3.9. Define the non-degenerate bilinear form (•, ■)h on Hext(A) by 

(•,-)H:Hext(A) 0 Hext(A)^K, 

]]^(x(a,/3)+x(/3>o))/2 

[Tlj-]kg)H ■= 6s,j- -, 

as 

where S,iF E Coh(A) and DJis (resp. fOtjr) denotes the moduli stack of coherent sheaves 
isomorphic to S (resp. H). The symbol is the abbreviation of ^ 971]. [ 97 tjr] is 

similar. Finally 

as := [Aut(T)] G iF(Var/t) 

is the class in iF(Var/t) of the algebraic group of automorphisms of S. 

Proposition 3.10. If X is a smooth projective curve, then (•, ■)h is a Hopf pairing, namely 
{x * y, z)h = {x ®y, Az)h holds. Here the bilinear form on the tensor product is defined as 
{x®y,z® w)h := {x, z)H{y, w)h- 

3.4. Steinitz’s classical Hall algebra and the snbalgebra generated by torsion 
sheaves. Before starting the detailed discussion of the motivic Hall algebra H(A) for a 
smooth projective curve X, we summarize here the result on the classical Hall algebra of 
Steinitz in terms of motivic language. It will be necessary for the argument on the subalgebra 
of H(A) generated by the elements corresponding to torsion sheaves on X. 

Gonsider a projective variety X defined over a fixed field 1. The category TorP®'’^(A) 
of perfect torsion sheaves is abelian and closed under extension. If X is smooth, then 
Toi'Perf(j^) = Tor(A), which is the category of torsion sheaves on X. TorP®’’^(A) also has a 
decomposition 

TorP^'-'(A) = JjTor, (3.5) 

X 

where x ranges over the set of regular points of X and is the category of torsion sheaves 
supported at x. is equivalent to the category of finite-dimensional modules over the 

local ring at x. If moreover dim A = 1 , then, by the regularity of x, Tor^ is also equivalent 
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to the category of nilpotent representations of the Jordan quiver over the residue held at 

X. 

Let us take a regular point a; of a projective variety X, and denote by OJltor.x the moduli 
stack of torsion sheaves supported on x. It is a substack of fOT = and we can apply 

the dehnition and arguments of the motivic Hall algebra to Tltor,x- 

Definition 3.11. For a regular point x E X, let us denote by the motivic Hall 

algebra which is iL(St/91ltor,a;) as a K-module. 

Obviously is a subalgebra of H(X). If dimX = 1, then it is also a sub-bialgebra 

since it is closed under the coproduct A. 

Recall that the ordinary Ringel-Hall algebra of torsion sheaves supported at a closed 
point is isomorphic to Steinitz’s classical Hall algebra (see [S, Lect. 2] for instance). Here 
we present the result in the motivic language. 

Lemma 3.12. Let Cgm be a smooth projective curve. 

(1) The bialgebra H(Osm)tora; commutative and co-commutative. 

(2) As an algebra H(Osm)torx isomorphic to polynomial algebra W[ei^xX2,x) ■ ■ ■] with 
infinite generators {ed,x}dei.>^- 

(3) Denote by the residue field of the point x. Then for any d G Z>i we have 

d 

r=0 

where L^, = [A^] G /^(Var/tj.) is the class of affine line defined over the field 

(4) The Hall pairing (•, ■)h on is given by 

(e™,., en,x)H = Ln(iTL-i) 

Proof. For the ordinary Ringel-Hal algebra case, see for example [S, Theorem 2.6], where 
the representation of Jordan quiver is utilized. The proof works in the motivic setting. □ 

Now let us turn to Steinitz’s Hal algebra. We follow [Mac95] on the notations of symmetric 
functions. 


Definition 3.13. (1) Denote by A the space of symmetric functions over Z. 

(2) The n-th elementary symmetric function is denoted by e^. 

(3) Denote by Pn := n-th. power-sum symmetric function. 


Recall that e^’s give rise to a basis {ex = ■ }a of A parametrized by partitions 

A = (Ai, A 2 ,...), and pfis give rise to a Q-basis [px = pxiPx2 • • ■ }a of A (g)^ Q. A is an 
associative commutative algebra under the (usual) multiplication. It also has a coassociative 
cocommutative coproduct A given by 

n 

^ ^ Cr ® (3-7) 

r=0 


which makes A into a bialgebra. This bialgebra is also endowed with the Hopf pairing (•, •) 
give by 


for an indeterminate q. 


{Pm,Pn) = d 


n 


m,n „ 

qn 


- 1 


(3.8) 


Definition 3.14. Denote by A^ the bialgebra A where the product is given by 

the multiplication of symmetric functions and the coproduct is given by (3.7). We always 
consider Ag endowed with the Hall pairing (3.8). 
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It is also well-known that the Hall-Littlewood symmetric functions form the unique or¬ 
thonormal basis of with respect to this pairing subject to a triangular condition 

in the expansion with respect to monomial symmetric functions. 

Comparing the bialgebra structures on Aq and H(Csm)tora;’ have the following result. 

Corollary 3.15. If Cgm is a smooth projective curve and x is an arbitrary closed point of 
Csm, then we have an isomorphism of bialgebras 

4 >. ■■ ^ Al„ ei, ^ 

This map is also an isometry in terms of the Hall pairing (•, ■)h given in (3.6) and the pairing 
(•,•) in (3.8). 

Finally we will introduce some notations on the subalgebra of H(X) generated by torsion 
sheaves. Let us go back to the general situation where X is a projective variety. 

Definition 3.16. Let X be a projective variety. 

(1) Denote by Olttor the moduli stack of perfect torsion sheaves on X. 

(2) Denote by H(X)^^j, = X(St/01ttor) the motivic Hall algebra generated by perfect 
torsion sheaves on X. 

For a smooth curve Csm, H(Csm)tor ^ sub-bialgebra of H(Csm) since TorP®''^(Csm) = 
Tor(Csm) is closed under extension and splitting. For any projective variety X, the decom¬ 
position (3.5) yields 

X 

as K-algebras, where x runs over the set of regular points of X. 

We close this subsection by introduction of elements of H(X)^^j, for future use. 

Definition 3.17. For d G Z>i dehne G H(X)^^j,^ by 

I [d]<Pf\Pd/degix)) if deg(a;)|d 
I 0 otherwise 

and 

td ■= td,x G H(^)tor- 

xex 

Definition 3.18. Let 011(0,d) be the moduli stack of perfect torsion sheaves on X with degree 
d G Z>i. It is naturally a substack of OH. Dehne the element l(o,d) G H(X) by 

1(0,d) := [011(0,d) OH]. 

The hnal remark is 


Lemma 3.19 ([S, Lemma 4.10]). The elements td G H(X) satisfies 

1 + X] 1(0,d)^'^ = exp^^ 


d>l 


d>l 


Mvt 


(3,9) 


Proof. We copy the proof given in [S, Lemma 4.10]. In the decomposition H(X)^^j, ~ 
(S)xH(^)tor,x we have 


exp 


d>l 




d>l 


td^ d 
d] 


and 


1 + X] l(0,d)2:'^ - n(^ + X] ^{0,d),xZ‘^) 


d>l 


d>l 


X 
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with 1 ( 0 ,d),a; := [911{0,d),a; ‘“t Alitor,a:], h is eiiough to show that 

= ^ + l(0,d),a.^‘'. 

d>l ^ -I d>l 

Using Dehnition 3.17, we have 

,-if ( sr^ d deg(a;)^\ 

)=^- (,®^P( ^ Pd/deg(x)^—) j 

d>l deg(x)|d 

d>l d>l 

In the last equality we used the generating function formula of the complete symmetric 
functions h^’s. Then by the dehnition of 91l(o,d),x we have the desired consequence. □ 

3.5. The composition subalgebra and the Drinfeld double. In this subsection C* is a 
projective curve over a held t. The motivic Hal algebra is in general too big to study, and we 
want to introduce a subalgebra which is easy to handle. We follow the work of Schihmann 
and Vasserot [SVll, §6] where they consider the subalgebra generated by certain averages 
of line bundles and torsion sheaves. 

Definition 3.20. Let 91ttor = ^toriC) be the moduli stack of perfect torsion sheaves on C 
and = 91Tif,i(C) be the moduli stack of line bundles on C. 

(1) The subalgebra of Hext(C') generated by these substacks DHtor and are called 

the composition subalgebra and denoted by U(C). 

(2) The subalgebra of Hext(C') generated by these substacks and {ka \ a G Num(U)} is 
called the extended composition subalgebra and denoted by Uext(C')- 

Remark 3.21. (1) For n E h, denote by the moduli stack of line bundles of degree 

n. Also we set 

l(i,„) ■= W,,(!,„) TO] 6 H(C). 

(If denotes the word ‘locally free’, and ss denotes the word ‘semi-stable’.) Recall the 
elements td G H(U)^.qj, given in Dehnition 3.17. Then U(C) is generated by 

1(1,n) ^ td {d G Z>i). 

(2) For a line bundle C on U, let us denote by Tic fhe moduli stack of coherent sheaves 
isomorphic to C. Then we have 07tif^(i^„) = LJ£gpic»(c)31l£- Thus 1®® is a summation 
of the elements associated to C. It corresponds to the generator X]£ePic"(c)['^] IP® 
composition algebra in [SVll]. The generator of the other type X]reTor(c) deg{T)=d['^ 
appearing in [SVll] corresponds to our l(o,d)- 

By the dehnition of the coproduct A, we have 

Lemma 3.22. For a smooth curve Csm, U(C'sm) and Uext(C'sm) olc closed under the coproduct 
A. Hence they are formal'K-bialgebra. 

Recalling that F C Num(U) is the submonoid generated by the ehective classes (see (3.2) 
and the lines below it), we also have 

Lemma 3.23. U(C) and Uext(C') T-graded algebras. 

Next we recall the notion of Drinfeld double, following [Jos95, §3.2] and [BuS12, Appendix 

B], 

Fact 3.24 ([D86]). Let 77 be a (topological) bialgebra with a Hopf pairing Let 

H~^ := H he the bialgebra H itself, and H~ be the bialgebra which is isomorphic to H 
as algebra and equipped with the opposite coproduct. Finally let DH be the associative 
algebra generated by modulo the relations 
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( 1 ) are subalgebras. 

(2) For a,b e H 

(®( 2 )) (*^( 1 ) ’ ^( 2 )) f7- 

Here we used the Sweedier notation A{a) = ®(i) ® ®( 2 )- 

Then the multiplication map H~^ ® H~ —> DH is an isomorphism of vector spaces, and DH 
has a unique bialgebra structure such that the map —)■ DH given by a i—)■ a ( 8 ) 1 and the 

one H~ —)■ DH given by a i—)■ 1 0 a are both injections of bialgebras. 

Definition 3.25. We call DH the Drinfeld double of the bialgebra H with respect to the 
Hopf pairing {■, ■)h- 

We also need the reduced version of the Drinfeld double. Let 0 be a Kac-Moody Lie 
algebra and g' its derived algebra. Denote by Uq{b') the quantum enveloping algebra of a 
Borel subalgebra b' C 0 '. It is closed under the coproduct and equipped with a Hopf pairing. 

Fact 3.26 ([D 86 ]). Let \ i E I]he the quantised enveloping algebra of the Cartan 

subalgebra t) C b. Then we have an isomorphism of bialgebras 

DUq{b')/{K, 0 - 1 I * G /) ~ Uq{g), 

Xiao [X97] introduced the reduced Drinfeld double for the ordinary Ringel-Hall algebra. 
Here we mimic his dehnition in the motivic case. 

Definition 3.27. Let Cgm be an irreducible smooth curve and consider the motivic Hall 
algebra H(Csm) and the extended algebra Hext(C'sm) equipped with the Hopf pairing (t ■)h 
in Dehnition 3.9. Dehne the reduced Drinfeld double DredH(Csm) of H(Csm) to be 

DredH(Csm) := DHgxt(Csm)/(^a ® k~^ - I \ a E Num(X)). 

We may also consider the reduced Drinfeld double of the extended composition subalgebra 
Uext(W), since it is a bialgebra with the Hopf pairing and contains the extension part 

{ka I a E Num(X)}. 

Definition 3.28. Denote by Di.edU(Csm) the reduced Drinfeld double of U(Csm), which is 
dehned to be 

Di.edU(Csm) ;= L>Uext(Csm)/(/^^ 0 “ 1 | « G Num(Csm))- 

We immediately have 

Lemma 3.29. DredH(Csm) oiid DredU(Csm) are Nurn^Csm)-graded. 

We also have the following triangular decomposition. 

Lemma 3.30. The multiplication map gives an isomorphism 

U(Csm)''' IKx <Dk U(Csm) —^ L)redU(Csm) 

of modules over K = iF(St/t)[L=‘=^/^], where U(Csm)^ are the copies o/U(Csm) and := 

K[Num(am)]. 


4. The case of projective line 

In this section we review the work of Kapranov [K97], which identihes the composition 
subalgebra of the Ringel-Hall algebra for the projective line with the upper triangular part 
of the quantum affine algebra 74 (sh). We will present this review in terms of the motivic 
Hall algebra. Several notations in this subsection are due to the review of Schiffmann [S] 
and the paper of Durban and Schiffmann [BuS13]. Let us also refer the paper of Baumann 
and Kassel [BaKOl] for the detailed account. 
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In this section we sometimes use the following symbols for d E 7^. 

IT <1/2 _ ][ -d/2 

Mv'n '= 1.1/2 _ il- 1/2 = + IL + ■ ■ • + !>“-■) e K = A'(St/C)|L±</2] 

4.1. The motivic Hall algebra of projective line. Let be the projective line dehned 
over a hxed held t. In the setting of the last subsection, set DJI := 07t(P^), the moduli 
stack of coherent sheaves on P^. Our algebra Hext(P^) = i^(St/0Jt) is dehned on the ring 

K := iL(St/t)[L±i/2]_ 

Fact 4.1. The indecomposable objects of the category Coh(P^) are 

(1) line bundles C>pi(n) (n G Z), 

(2) torsion sheaves ■= C>pi/m^, where a; is a closed point of P^ and I E Z>i. 

Let us recall that the numerical Grothendieck group of Coh(P^) has the description 
Num(Coh(P^)) = Z^, induced by the map 

Coh(pi) 3 (rk(F),deg(F)) e Z^ 

attaching the rank and degree to each coherent sheaf E. The Euler pairing is calculated as 

x((ri, di), (r2, ds)) = rirs + nda - rsdi. (4.1) 

In particular the extended part {ka \ a E Num(X)} of Hext(P^) is generated by the two 
elements 

k := ^(1,0), c := /i:(o,i)- 

Thus, by Remark 3.21, the composition subalgebra U(P^) is generated by 

Ifi(n e Z), G {r e Z>i), k, c, 

where we set 

Ifyn) := OH] G H(P^) 

with the moduli stack of line bundles of degree n. 

Now we can explain the relation of these generators derived by Kapranov [K97, §5], where 
a general framework of the Hopf algebra of automorphic forms was used. Let us note that 
Baumann and Kassel [BaKOl] also computed the relation by giving explicit description of 
extensions of line bundles and torsion sheaves. 


Fact 4.2. The elements G, k and c satisfy the following relations. 


(1) c is central. 

(2) [k, G] = 0 = [tr, ts] for all r,s E Z>i. 

(3) k * 1^® = LI®® n'j* k for all n E 7. 

(4) [tr, Ifi,,)] = for all n G Z and r G Z>i. 

I'fi'l 1®® :k1®® -Li®® :k1®® — I ”1/1®® :k1®® 4-1®® 1 ®® 1 

-‘-(Lm) * -‘-(Ln-M) + -‘-(Ln) * -1(1,m+1) “ G(l,n-hl) ■‘'(Lm) ■‘‘(Lm+l) * ■‘‘(Ln)/ 

Here [•, •] denotes the commutator with respect to the product * on Hext(P 


for all m,n E 7. 


Proof. We sketch the outline of the proof following [BaKOl, §§2-3] and [S, §4.3]. 

The relation (1), [k,tr] = 0 in (2), and (3) can be obtained by the dehnition (3.4) of the 
product * and the formula (4.1). Namely, from x((0, di), (r 2 , d 2 )) + x((r 2 , d 2 ), (0, di)) = 0 
we obtain (1) and [k,tr] = 0. Also from x((l,0), (1, 1^)) +x((l,i^), (1,0)) = 2 we obtain (3). 

The relation [fr,G] = 0 in (2) holds obviously since there is no non-trivial extension 
between torsion sheaves. 

For the relation (4), recall that an extension of the torsion sheaf Oi^x] by the line bundle 
C>pi(n) is isomorphic to Opi(n + m) © 0(^i_m)[x]- 


^ Oi[x] -^ 0 . 


0-)■ Opi (n)-)■ Opi (n + m) © C>(z_m)[x] 



QUANTUM TOROIDAL ALGEBRAS AND MOTIVIC HALL ALGEBRAS I 


18 


Note that a morphism / ; Ofi{n) —)■ Ofi{n + m) © 0{i_rn)[x\ is injective if and only if the 
image of / is not included in 0(i-m)[x\- Then by the formulas 

dimj Hom(C)pi (m), (9pi(n)) = max(0, n — m + 1), 
dim{Hom(C)pi(m),C)z[a:]) =/ 

of the dimension of vector spaces of morphisms, we hnd that the stack of extensions of the 
above form is given by P(A"^+^ x A}~^) \P(A^“"^), whose class in A'(Var/{) is + 1 ]l 

(by Lemma 2.2 (2)). Thus we have 

1(0,0 * l(Ln) = TH] 

0<m<l 

= ^ a/L [ir + 1]^ [SllOpl (n+m)®r 371] 

0<m<l 

= [m + 1]^ * l(o,i-m) (4.2) 

0<m<l 

Here ‘^o^i(n+m)®T is the moduli stack of coherent sheaves isomorphic to Opi (n+m)®T with 
T a torsion sheaf of degree I — m. In the last equality, we used the fact that the extension 
in the opposite way is always trivial, i.e., Ext^(Cipi(n), = 0. Then the equation (4.2) 
can be rewritten as 

',w/\fLz)e{z)h{w) = h{w)e{z), 

where we used the the generating series 

e(^) ;= Kz) ■= 1(0,0^:' 

nGZ />1 

and the motivic zeta function (2.1) for P^. Now the relation (4) follows from the dehnition 
(3.9) of A. 

Finally let us check the relation (5). An extension 

0-^C>pi(n)-^J^^^C>pi(m)-^0 (4.3) 

is a non-trivial one only if m > n and T ~ (!7pi(n + p) © C)pi(m — p), with p G Z and 
1 < P < (iR — r)/2. 

Let us consider the non-trivial case. The space of extensions of this form with fixed p is 
given by the space of non-trivial morphisms / : Ofi (n) —)■ Opi (n + p) © O^i {m — p) such 
that the cokernel is a line bundle. Writing / = /i © A with /i : C>pi (n) —)■ Ofi {n + p) and 
A : Ofiin) —)■ Opi(m — p), the condition for / is that /i and A, considered as homogeneous 
polynomials in t[z, w] of degrees p and m — n — p, are coprime. Let Pp^m-n-p be the stack of 
such coprime polynomials (/i,/ 2 )- These Pa,6 {ci,b G Z>o) satisfy the following relation. 

mm{a—d,b—d) 

t[z,w]a X t[z,w]b = ]J P(l[ 2 :,t(;]rf) X Pa-d,b-d- 

d=0 

Here t[z,w\d denotes the set of homogeneous polynomials of degree d. In [BaKOl, Lemma 
9], the number of Fg-rational points of the set Pp^rn-n-p is counted by the same relation, and 
the answer is {q — — 1) if a = 0 or 6 = 0, and (g — l)(g^ — otherwise. 

Similarly we have 

[AJ = 


(L — l)(L“+^+^ — 1) if a = 0 or 6 = 0 
(L - 1)(L2 - l)L“+^-i otherwise 
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Let US come back to the counting extensions of the form (4.3). Since the automorphism 0{n) 
is given by A* (non-zero scalars) and [A*] = L — 1, we see that the non-trivial extensions 
give the term 

(L^ - 

in 1(1 o 1(1 n)- Here 911c>(a)®c>(6) with some a,b E Z denotes the moduli stack of the vector 
bundles isomorphic to 0{a) (B 0{b). 

In the case of the trivial extensions, i.e., ~ 0(n) © 0{m), let us write the morphisms 

f\g as 

/ = /l®/2, = 

with fi e End(0(n)), f 2 , gi E Hom(0(n), 0(m)) and g 2 E End(0(m)). Then we see that 
fi and g 2 are automorphisms, /2 is arbitrary and gi = —g 2 0 / 2 ° /i- Thus the pair (/,(?) is 
parametrized by 

Aut(0(n)) X Aut(0(m)) x Hom(0(n), 0(m)). 

Since the equivalent relations of the trivial extensions are given by Aut(0(n)) x Aut(0(m)), 
we see that the trivial extensions give the term 

[Hom(0(n),0(m))][91lo(„)eo(™)] = 

in 1(1,m) O 

Considering the twist factor = \/L in l(i^) * ^(in)’ hnally have 

[(m-n)/2j 

i-(Lm) * i-(l,n) = Vt” [911c>(n)®C>(m)] + vt™ (L^ — 1) [91lc>(„+p)0C>(m-p)]• 

p=l 

Now the relation (5) is an equivalent expression of this formula. □ 

4.2. Relation to the quantum affine algebra. Let us introduce symbols for the quantum 
affine algebra of sb. Let 

Q = Za®ZS 

denote the root lattice of the affine Lie algebra associated to 5 I 2 . We begin with the obser¬ 
vation due to Kapranov [K97]. 

Fact 4.3. The map 

K(Coh(P^)) ^ g, rk(T)a + deg(T)(5 

gives an isometry of lattieces, where the pairing on iL(Coh(P^)) is given by the symmetrized 
Euler form 

(^ 1 ; ^ 2 ) := X{Si, S 2 ) + X{S2, Si), 

and the pairing on Q is taken to be the Killing form. 

By this identification, the isomorphic classes of indecomposable objects in Coh(P^) gives 
the set of positive roots 

<h+ ■.= {a + n5 \ n E Z} U {n5 \ n E Z>i}. 

Hereafter, it will be called the non-standard set of positive roots (following [S, Corollary 
4;4]). 

Let Lb+ be the Borel subalgebra of the loop algebra Ls{ 2 - We understand that it our 
subalgebra is associated to the non-standard set <h+ of positive roots. Now we introduce the 
Borel subalgebra fA(Lb+) of the quantum loop algebra [^(Lsb) of sb- We dare to write 
down the definition for clarifying our argument. 
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Definition 4.4. Let v be an indeterminate, and R be the subring of the held Q(t) consisting 
of the rational functions having poles only at 0 or at roots of 1. The associative algebra 
f4(Lb+) over R is generated by 

(/eZ\{0}), 

with the relations 

is central, = 1, 

[K,Hi] = = 0, 

KE^ = v^EnK, 

[Hi,E^] = 

Efn+iEn V EfiE^^i V E^E^j^i E^j^\E^ 

with [2/], := 

We denote by 17^(Lb+) the specialization of t4(Lb+) at n = 1/\/L. Precisely speaking, 
we set Q := - L) ~ Q[\/L] and U^{Lb+) := U^{Lb+) ®r Q. 

Now we can state the fundamental result. Recall that the element c in U(P^) is central. 
Let us introduce := /i:(o,i/ 2 ), which is the square root of c, and set 

Kpi := = R:(St/^)[L^^/^c^^/2]. 

Fact 4.5 ([BaKOl, K97]). The assignment 

En ^ ifi,.) (n e Z), Hi^ (/ e Z \ {0}), K^k, ^±1/2 ^ ^±1/2 

extends to an isomorphism of algebras 

^Pl(-^^ + ) ^ U(P^) 0K IKpl C Hext(P^) <8k IKpl- 

Proof. This is the consequence of Fact 4.2 and the dehnition of Uq{Lb+). □ 

4.3. The Drinfeld double. Next we want to consider the Drinfeld double. In order to do 
that, we study the coproduct on Hext(P^)- 

Fact 4.6 ([K97, Theorem 3.3]). (1) For any d E Z>i we have 

A(td) =trf0l + c'^0frf, (4.4) 

(2) For any n E Z the following equalities hold. 

A(iri,„)) = i“,„i ® 1+5^ 0(4.5) 

;>o 

Here 9i E H(P^) (/ E Z>o) is dehned by the following generating function. 

5:«,P=exp((LV^-L-‘/^)5: 

l>0 d>l 

Proof. (1) Since the category of torsion sheaves is closed under taking subobjects and quo¬ 
tients, we immediately hnd from Dehnition 3.7 of A that 

A(l(^0,d)) ^ ^ l(0,d—m)^(0,m) 1(0,m)- 

mGZ, 0<m<d 

Then using the relation (3.9) between l(o,(i)’s and tdS and the fact that c is central, we have 
the consequence. 

(2) Since censoring by line bundles preserves extensions, it is enough to study the case 
n = 0, namely the decomposition of the trivial line bundle O. We sketch the outline following 
[S, Example 4.12]. 
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It is enough to count the surjection O ©jC^n^xi]- Each morphism O —)■ is 

parametrized by Hom(0, C)„.[a;.]) \ Hom(C), whose class in K{St/i) is equal to 

— L“^), so that we have 

A(U,0)) = ia,0) ® 1 + E 

d>0 

with 

Ud ■= ^ ^ ~ E )tni[xi]j 

(xi,ni) i 

where tn[x\ '■= [911o,n[x] 911] is the element corresponding to the moduli stack 911o,n[x] of 

torsion sheaves of degree n with support on x, and the summation is taken over the set of 
tuples of distinct points XiS and degrees nds with Finally a quick observation 

yields = 9d- □ 

Remark 4.7. In the proof we don’t use the property of but only use the property of a 
smooth curve. 


Next we study the Hall pairing (•, ■)h on U(P^). 
Fact 4.8 ([BuS13, Lemma 4.4]). (1) 

1 


(td,ti)H — ^d,l 


( 2 ) 


{tdi9i)H = 5d,l 


(iLV2 -L-V2' 

[2c?] Vl 


d 


(4.6) 


Proof. (1) Decomposing into the support, we have td = where td,x is dehned in 

Dehnition 3.17. Recalling the value (3.6) of the Hall pairing, we can calculate {tdpdfn as 
follows. 

/, , X _ deg(3;) ([d]^)^ _ 1 (M vi:)% pii _ 1 [2c?]V l 

Kd, d}H 2^ ^ dLV2_L-V2- 

xepi 

Here [P^] G iL(Var/{) is given by 


Cmot(P^2:) = exp[^[P^]^ 


d>l 


(2) is a restatement of (1) in terms of 6i. See [BuS13, Lemma 4.4] for the detail. 
Remark 4.9. The proof will also work for an arbitrary smooth curve. 

Consider the algebra 

DIJ(P^) ;= DredU(P') ©K Kp 
which has a triangular decomposition 

DU(P^) ©K Kp = U(P^)+ ©K K[Num(pi)] ©k U(P^)". 
Following [BuS13, §4], we replace the generator {d G Z>i ) of U(pi)^ by 

td := 

Then (4.4) is rewritten as 

A(f+) = © tj. 

It is also convenient to rewrite (4.5) as 

= lai ® 1 + E yfe”-'-'" ® 

Z>0 


□ 
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;= 


The formula (4.6) is rewritten as 


Q\)h — ^d,l 


[2c^]yL 


Now by Definition 3.28 of the reduced Drinfeld double, the algebra DU(P^) is described in 
the following way. 

Proposition 4.10 ([BuS13, §4]). DU(P^) is the associative algebra with the generators 

l(i’i ^ (d e Z>i), 

modulo the relation 

(1) are central, = 1 and kk~^ = 1 = k~^k. 

(2) [k,tf] = 0 = = 0 M any I, me Z>i. 

(3) = h^^r^^k for any neZ. 

(4) For any d e Z>i and n e Z we have 

\7± 1 ss,± 1 1 ss,± ^d/2 

hd ’ ^ -^(Ln+d)^ 


(5) For any d e Z>i and n e Z we have 

rr± 1 ss,q: 1 _ _ 

(6) For any d, I e Z>i we have 


M 1 ss,=F „±d/2 

d (1.^-'^) 


\7+ TTi .ST [2d] c — c'^ 
hd ^ti\= d,i ^ lV2_l-i/2' 


(7) For n,m e Z we have 


1 -L 


if n > 


M SS,+ . SS 1 _ I Q 


if n = m . 


L- 1 


Om-nk ("^+"-)/2 if n < 


Although we have already described the quantum loop algebra [^(Lsh) in Fact 3.26 as the 
Drinfeld double of Uy{Lsl 2 ), have we dare to write down the dehnition for the clarihcation. 
Recall Dehnition 4.4 where we set R C Q(n) consisting of the rational functions having poles 
only at 0 or at roots of 1. 

Definition 4.11. [/^(Lsh) is the associative algebra over R generated by 

{neZ), Hr {re Z\ {0}), K^\ 

subject to the following relations. 

(1) are central, = 1 and KR-^ = R-^K = 1. 

(2) [R, Hr] = 0 for any r eZ \ {0}. 

(3) [R, E^] = v^^E^R for any n e Z. 

(4) For any r,s e Z \ {0} we have 

[2r]„ C™ - C-™ 


{Hr, Hg (57.-|_s^O' 


r V — v~ 


(5) For any n e Z and r eZ \ {0} we have 

|ir.,£,t] = ±Fti5y^c’=i’'i-'l 
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(6) For any m, n G Z we have 

(7) For any m, n G Z we have 

where sgn(n) denotes the sign of the integer n, and (d G Z>i) are given by 

1 + ^ = exp (±(k-‘ -v)Y^ 

d>l d>l 

and \1/^^ = 0 (d G Z>i). 

Remark 4.12. We followed [BuS13, Dehnition 4.9]. The choice of generators are crncial for 
the construction of the isomorphism explained below. 

Now we can state the main result of this section. Recall that Q := — L). 

Theorem 4.13 ([BuS13, Proposition 4.11]). Let := ®r Q- Then the 

map DU(P^) given by 

En ^ l(l5n) e Z), ^ (d e Z>i), K^k, ^ 

is an isomorphism of algebras. 

Proof. One can show that the map sends to d±; for any / G Z>i. Then by comparing 
the relations in Proposition 4.10 and Dehnition 4.11, one hnds that the map is well-dehned. 

Now the map is checked to be an isomorphism with the help of the basis consisting of 
the elements of the form E^H^+K^C’^/^E~H^-., where A, /i^, v are non-decreasing hnite 
sequences of integers, Ef := Ef^Ef_^ ■ ■ ■ and so on, and a,b E Z. We omit the detail and 
refer the proof of [BuS13, Proposition 4.11]. □ 

5. The case of an irreducible projective curve of arbitrary arithmetic 

GENUS 

In this section we denote by C an irreducible reduced projective curve C dehned over a 
held {, and consider the motivic Hall algebra of C. In the smooth case our result is just a 
motivic restatement of the one given in [K97] and explained in [S, §4.11]. 

5.1. The composition subalgebra. As mentioned at Lemma 3.6, the Hall algebra H(C') 
and the extended Hall algebra Hext(C') are P-graded, where P C Num(C) is the submonoid 
generated by ehective classes. We have 

Num(C) Z^, 8 I—)■ (rk(T), deg(T)) 

as modules, and we denote by k(^r 4 ) with (r, d) G Z^ the element of the extension part of 
Hext(C'). The Riemann-Roch theorem yields 

X(T, J") = (1 - g) rk(T) rk(J') rk(T) deg(J') - rk( J") deg(T), 

where g is the arithmetic genus of C. 

As in the case of P^, the algebra H(C') or Hext(C') is too big to treat, and we will mainly 
study the composition subalgebra U(C) and its extended version Uext(C') given in Dehnition 
3.20. 

Let us denote by 91I(o,d) the moduli stack of perfect torsion sheaves of degree d, and by 
the moduli stack of line bundles of degree n. These are substacks of fUt = 9It(C), 
the moduli stack of perfect coherent sheaves on C. 

By dehnition, U(C) is the subalgebra of H(Csm) generated by elements 

1(0,rf) := [®l(o,d) ^ 911] {d G Z>i) 
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and 


l(Ln) 9^] {n E Tj). 

We will replace the generators l(o,d) by the following elements td- 

Definition 5.1. Dehne td {d E Z,>i) and 6i [I E Z>o) by the generating fnnctions 

1 + X] 1 (0,-1)^'^ = exp 


d 
Z 


d>l 


d>l 




and 


Oiz'' = expr(L^/^ — L ^ 






l>0 d>l 

As stated in [S, Lemma 4.51], one can calcnlate coprodncts of these generators. 

Lemma 5.2. For d E Z>i and n E Z we have 

^itd) =td®l + k( 04 ) ® td, 

A(ia,„)) = !“,») ® 1 + ® 

l>0 

Proof. This is the same as Fact 4.6. As mentioned in Remark 4.7, the proof works for an 
arbitrary cnrve. □ 

As for the Hopf pairing (•, ■)}{, we have the following formnlas. 


Lemma 5.3. For any d,l E Z>i and m,n E Z we have 

(id, l(l,n))H = 0, 

(z [C{d)] 

..ss .ss ^ . [Pic"(C^)] 

Here [C(rf)] E iF(Var/f) is defined by 


Cmot(C';^) = exp('^[C'(rf)] 


d>l 


d 


Proof. The smooth case is stated in [K97] and explained in [S, Lemma 4.52]. We copy the 
proof here. 

By Definition 3.9 of the pairing (•, fin, the first is obvious. 

As mentioned in Remark 4.9, the proof of Fact 4.8 works in this case, and we have the 
second formula. 

For the third formula, note that Ip ^ 91t], where C runs over the isomor¬ 

phism classes of line bundles of degree n, and dJlc denotes the stack for the line bundles 
isomorphic to C. Since Aut(£) ~ P so that ac = [Aut(£)] = L — 1 e iF(Var/!), we have 
the result. □ 


We close this subsection by explaining Kapranov’s result of expressing the relation of 
generators of the composition subalgebra in the current form. 

Proposition 5.4. Set 

x*(z) := ^ i,(z) := exp(5^ 

nez d>l ^ -IFL 

Then in the algebra U(C) the following relations hold. 

Cmot{C-,w/z)x^{z)x^{w) = Craot{C;w/z)x^{z)x^{w), 
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'ip{z)'ip{w) = 'ip{w)'ip{z). 

5.2. The slope stability of coherent sheaves on curves. For the future use, in par¬ 
ticular for the discussion of the Hall algebras for elliptic curves, let us recall the notion of 
slope stability of coherent sheaves on a projective curve. The slope stability was originally 
introduced by Mumford in the smooth case to construct coarse moduli spaces of semistable 
coherent sheaves on curves using geometric invariant theory. Here we give statements for ar¬ 
bitrary (not necessarily smooth) projective curves, following Simpson’s generalization [Si94]. 
Among a large amount of literature on this topic, we only cite [HL] for the detail. 

In this snbsection C denotes a projective curve dehned over a held t. Coh(C) denotes the 
category of coherent sheaves on C. For 8 G Coh(C'), the rank rk(£^) and the degree deg(£^) is 
dehned by rk(£^) := ai{8)/ai{Oc) and deg(£^) := a^i^E)/ai{Oc)i where a;j(—) E Z is given 
by the eqnation x(— (g) OcijnH)) = mai{—) + Q;o(—)• Here H denotes the hxed ample line 
bnndle of C. By the Riemann-Roch theorem, this dehnition coincides with the classical one 
in the case of smooth curves. 

Definition 5.5. (1) For E E Coh(C), the slope fi{8) is the rational number defined by 

Kn :=^eQuW, 

where if rk(£^) = 0 then we set fi{8) := oo. 

(2) A coherent sheaf 8 is called semistable if p,{E) < p,{8) holds for any non-zero snbsheaf 

E E 8. is called stable if < fi{8) holds for any non-zero proper subsheaf 

EE 8. 

(3) For z/ G QU{cxd}, denote by the fnll subcategory of Coh(C) consisting of semistable 
sheaves of slope u. 

In order to distingnish this notion of stability from others, we call it slope stability. We ob¬ 
viously have Soo = Tor(C), the category of torsion sheaves on C. Here are some fnndamental 
properties of semistable sheaves. 

Fact 5.6. (1) Hom(Sy,S^/) = 0 if z/ > z/'. 

(2) For any z/ G QU{cxd}, the category 5,^ is abelian and closed under extension. Moreover 
it is a finite length category, i.e., every object has a finite composition seqnence with 
simple factors, and the simple objects are stable sheaves. 

Let us also recall the Harder-Narasimhan filtration. 

Fact 5.7. For any 8 E Coh(C) there exists a unique filtration 

0 = So E 8i E ■■-Sn = 8 

snch that every factor Ei := SijEi-x is semistable and > fJ^{E 2 ) > ■ ■ ■ > fJ,{En). It will 

be called the Harder-Narasimhan filtration of 8. 

By the existence and nniqueness of the Harder-Narasimhan filtration, we immediately 
have the following statement. 

Corollary 5.8. The motivie Hall algebra for C has a deeomposition 

as ^-module. Here for z/ G Q U {cxd} H(C)^ denotes the subalgebra generated 

by perfect semistable coherent sheaves with slope z/. (Nfiy denotes the moduli stack of perfect 
semistable coherent sheaves with slope n.) 
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6. The case of a smooth elliptic curve 

We now recall the work of Durban and Schiffmann [BuS12] on the Hall algebra of a smooth 
elliptic curve. Our review will be done in the motivic version, but the argument is essentially 
the same with theirs. Hereafter Egm denotes a smooth elliptic curve dehned over a hxed held 
i 

6.1. Generalities on coherent sheaves on a smooth elliptic curve. The Euler pairing 
on i^(Coh(Tsm)) is given by 

X(S,T) = rk(£) deg(J) - rk(7) deg(E). 

As for the numerical Grothendieck group Num(Tsm) (see (3.2) for the dehnition), we have 

Num(Ts„) ^ 

by the map 

S I—)■ (rk(£:),deg(£:)). 

Let us recall the Mumford stability explained in the previous subsection §5.2. The exis¬ 
tence of Harder-Narasimhan hltration and Corollary 5.8 tell us that the subcategory 5,^ of 
semistable sheaves of slope u is the building block of the motivic Hall algebra H(Tsm)- Now 
it is time to recall the fundamental result of Atiyah [A57] on the classihcation of semisimple 
sheaves on elliptic curves. We cite the result in the following form [S, Theorem 4.45]. 

Fact 6.1 ([A57]). For any z/, z/' G QU{cxd}, there is an equivalence of categories A- 

S;^'. In particular, A- Soo = Tor(i7sjn). 

Remark 6.2. The equivalence can be realized as a Fourier-Mukai transform [MukSl] on 
D^Qjj(i7sm), which will be explained in §6.4. 

Let us recall that H(i7sm)^ = denotes the subalgebra of H(i7sm) generated by 

the semistable sheaves of slope v (see Corollary 5.8). Fact 6.1 implies that the equivalence 

(l)u^oo induces an isomorphism between }l{Esm)oo H(i7sm),^- 

Definition 6.3. (1) For z/ G Q denote by (j)oo,u '■ H(-Esm)oo ^ H(i7sm)^ the isomorphism 

of bialgebras induced by the equivalence ^oo,u- 

(2) For z/ G Q and d G Z>i, dehne ■= 4>oo,u(td), where td G E{Esm)oo = '^{Esra)tov is 
given in Dehnition 3.17. 

(3) Denote by U(i7sm) the subalgebra of H(i7sm) generated by {tu,d | z/ G Q U {cxd}, d G 
Z>i}. Also we define U(i7sm),^ := U(i7sm) H H(i7sm),^ for any z/ G Q U {cxd}. 

The last dehnition looks natural from the view of Atiyah’s result (Fact 6.1). Previously 
(Dehnition 3.20) we dehned the composition algebra U(i7sjn) as the subalgebra of E{Es^) 
generated by torsion sheaves and line bundles. Here we have 

Fact 6.4 ([SVll]). U(i7sm) in Dehnition 6.3 coincides with the one in Dehnition 3.20 for a 
smooth elliptic curve Eg^. 

Corollary 6.5 ([BuS12]). (1) The multiplication map induces an isomorphism 

© © 

of K-modules. 

(2) U(Fsm)^ ~ t[C,i,C 2 ,...] for any u eQU {cx)}. 

Proof. (1) As in Corollary 5.8, the existence of Harder-Narasimhan hltration implies the 
result. 

(2) By the isomorphism 

4>oo,u\v{EBm)^ • U(ii/sjn)^ > U(ii/sjn) 
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and the description 
we have the result. 




□ 


6.2. The composition subalgebra for smooth elliptic curve. [BuS12] gave a presen¬ 
tation of the double of the algebra U(ii^sm) which is Z^-graded and SL(2, Z)-invariant. Let 
us state it in the motivic language. Hereafter we assume t is algebraically closed, so that the 
formula in Fact 2.8 of Kapranov’s motivic zeta function Cmot(f^sm; z) applies. For an elliptic 
curve X it is expressed as 

^ _ 1 , [Pic°(^sm)]2: _ {1 - qiz){l - q 2 z) 

where gi and q 2 are conjugate in an algebraic extension of iF(Var/t), and satisfy qiq 2 = L 
and gi -f g 2 = L -f 1 - [Pic°(i?sm)]- 

Following [BuS12], we introduce several symbols. We will often use the subset 

(Z2)+ := (Z>i X Z) U ({0} X Z>i) 
of Z^ for the grading of U(i?sm)- 


Definition 6.6. (1) For i G Z set 

/ i/2 -*/2n/ i/2 -j/2x vJVL 

Ci ■= (gf - qi ){q2 - Q2 • 

% 

(2) Recalling in Dehnition 6.3, set t(^r 4 ) '■= td/r,gcd{r,d) for (r, d) G (Z^)+. 

(3) For X = (r, k) G (Z^) + , set 


gcd(x) 


gcd(r, d) if r 7 ^ 0 
d if r = 0 


(4) For X = (r, d) G (Z^) + , set 


p(x) 


djr if r 7 ^ 0 
cxD if r = 0 


(5) For x,y G (Z2)+, set e(x,y) := sgn(det(x, y)) G {±1}. 


Remark 6.7. gcd(x) was denoted by deg(x) in [BuS12]. 

Obviously U(i7gm) is generated by the elements | (r, d) G (Z^) + }. 

Fact 6.8 ([BuS12]). By the assignment t T(^r,d) for (r, d) G (Z^) + , the composition 
subalgebra \J{Esra) is isomorphic to the associative algebra generated by the elements 

{T,,, |(r,d)G(Z2)+} 

subject to the following relations. 

(1) If x,y G (Z2)+ satisfy /i(x) = p(y), then [T^,Ty] = 0, 

(2) If X, y G (Z^)’*' satisfy gcd(x) = 1 and if there is no interior lattice point in the 
triangle with vertices 0 , x and x -|- y in Z^, then 

n 

1 _ ___ ^ ^x+y 

FyHxJ = ex,yCgcd{y) _ ^-1/2’ 
where dx’s are dehned by the generating series 

Oi^o^' = exp(^(LP^ - L~P^) 
i>i i>i 

for Xq G (Z2)+ with gcd(xo) = 1. 
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We will not give the detail here. The proof in [BuS12] utilizes SL(2, Z)-action on the 
reduced Drinfeld double of U(ii^sm), which is explained in the next subsection. 


6.3. The Drinfeld double. The reduced Drinfeld double Di.edU(i?sm) of the U(ii^sm) for a 
smooth elliptic curve is determined by [BuS12]. It has the grading with respect to the 
subset 

(Z^)* := \ {(0, 0)} = (Z2)+ U (Z^)-, 

of Z^, where := —(Z^)+ = {(r, d) G Z^ | r < 0 or (r = 0 and d < 0)}. We will use the 

notation x = (r, d) for an element of and dehne deg(x) G Z and /i(x) G Q U {±cxd} as 

in Dehnition 6.6. Precisely speaking, we have 


Definition 6.9. (1) For x = (r, d) G set 


gcd(x) 


gcd(r, d) if r 7 ^ 0 
d if r = 0 


Thus we have deg(x) G Z>o for x G and deg(x) G Z<o for x G . 

(2) For X = (r, d) G set 


{ d/r if r 7 ^ 0 
cx) if r = 0 and d > 0 . 

—oo if r = 0 and d < 0 


(3) For x,y G (Z^)*, set e(x,y) := sgn(det(x, y)) G {±1}. 

( 4 ) 


e(x) 


1 ifa;G(Z2) + 

-1 ifa;G(Z2)-‘ 


Fact 6.10 ([BuS12]). DredU(Fsm) is isomorphic to the associative algebra generated by the 
elements {t(r,d) \ (b d) G (Z^)*} and {kr,d | r, d G Z} modulo the following relations. 

( 1 ) ,d ,d+d' 1 

(2) If X, y G satisfy /i(x) = /i(y), then 

H 1 X — k~^ 

= (Jx-yCgcd(x) _ L-1/2 ‘ 

(3) If X, y G {!?)* satisfy gcd(x) = 1 and if there is no interior lattice point in the 
triangle with vertices 0 , x and x + y in Z^, then 

[ty,fx] = ^x,yCgcd(y)^a(x,y) _ ^-1/2 ’ 


where q;(x, y) is given by 


a{x,y) 


{ iex(exX + eyy-ex+y(x + y)) if ex,y 
-ey (cxX + eyy - Cx+y(x + y)) if ex,y 


and dx is determined by 


dixo^:* = exp - L 

*>i i>i 

for xo G with gcd(xo) = 1. 


1 

-1 
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As mentioned in the previous subsection, the proof in [BuS12] utilizes the SL(2,Z)- 
action. Notice that the relations of the algebra in the above Fact are obviously SL(2,Z)- 
(quasi)invariant. The SL(2, Z)-action on DredU(i?sm) comes from the autoequivalences of 
which will be explained in the next subsection. 

Finally we relate DredU(i?sm) to the quantum toroidal algebra for 


Fact 6.11 ([BuS12, Theorem 5.4]). The algebra given in Fact 6.10 is isomorphic to the 
gl^-quantum toroidal algebra U after tensoring coefficient field. Thus we have 

DredU(F/sm) t U ^Q{qi,q 2 ) 


Here recall that K = A'(St/t)[L^^/^], and U is considered as an algebra dehned over 
Q(5'u 92) with gs = qi^q 2 ^. The ring homomorphism Q(gi,g2) — t IK is given by mapping qi 
and q 2 to the inverse of zeros of the motivic zeta function 


Cmot(-^smj 


1+ (L + 1 - [Pic°(Fsn,)]);^ + L;^^ 
(1 — z){l — hz) 


(1 - qiz){l - q 2 z) 
(1 — z){l — hz) 


Proof. Let us explain the outline of the proof explained in [BuS12]. Notice that the relations 
in Proposition 5.4 coincides with those of U except the Serre-like relation. Let us denote 
by U' the algebra generated by the same generators in U satisfying the relations except the 
Serre-like relation. Denote by U the algebra given in Fact 6.10. Then one can hnd that 
there is a surjection U' -» U. By the analysis of the convex paths in Z^ (corresponding to 
Harder-Narasimhan hltrations of coherent sheaves on Esm), one can show that the Serre-like 
relation coincides with the kernel of the above surjection. See [S12] for the precise account 
for this analysis. □ 


6.4. The automorphism. The Drinfeld double Di.edU(Fsm), or more generally DredU(C'sm) 
for a smooth curve Csm, may be considered as the Hall algebra of the root category R(Fsm) : = 
D^j^[^(F'sm)/[l]^, where [1] denotes the shift of complexes, and the quotient symbol means 
taking the orbit category. This idea is realized in the recent work of Bridgeland [Brl3]. In 
this paper we will not treat this approach and use the dehnition of Drinfeld double itself. 

Let us recall that the description of the group Aut(D^j^[^(Fgm)) of auto-equivalences of 
D^j^j^(Fsm) for a smooth elliptic curve Esm dehned over a held L We will also mention some 
generalities on Fourier-Mukai transforms. The basic references are [BBH] and [Hj. 

By the fundamental result of Orlov [097], For any smooth projective variety X dehned 
over a algebraically closed held t, every auto-equivalence of D^qj^(X) can be realized as a 
Fourier-Mukai transform [MukSl]. Let Y be another smooth projective variety and E be 
an object of x Y), namely a bounded complex of coherent sheaves on the product 

variety X x Y. Then the functor —)■ is dehned to be 

where px '■ X x Y —)■ X and py '■ X xY —)■ F are natural projections and the symbols Rpy* 

L 

and 0 denote the derived functors. We call this functor a Fourier-Mukai transform if it gives 
an equivalence of categories. 

It is also known by [002] that for a (smooth) abelian variety A, any smooth projective 
variety X with equivalent derived category D^qJj(X) ~ D^qj^(A) is also a smooth abelian 
variety of the same dimension, and moreover if Esm is a smooth elliptic curve, then X is 
isomorphic to Egra- Thus Aut(D^Qjj(i7sjn)) is generated by Fourier-Mukai transforms with 

^ ^ Dcoh(-^sm X -Fsm)- 

For any smooth projective variety F, we have natural equivalences of D^qj^(F) given by 

• the shift [1] of complexes, 

• automorphism of F, 

• tensoring with a line bundle of degree 0. 
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These can be also realized by Fourier-Mukai transforms, and consist the subgroup Z 0 
AutCF) K Pic°(F) of Aut(D^Qj^(F)). Let us dehne the group FMCF) by the short exact 
sequence 

1-^Z©Aut(F) KPic°(F)->Aut(Db„h(^))->FM(F)->1 . (6.1) 

If A is an abelian variety, then a set of generators of FM(A) is given by where J^’s 

are the universal family of semi-homogeneous sheaves. 

In the case of a smooth elliptic curve i^sm, the description of FM{Es^) is extremely simple, 
and the result is 

= {To, ^ SL(2, Z). (6.2) 

Here we denoted by To the spherical twist by the structure sheaf O = which is dehned 

by 

To(-) := Cone(RHom(C>, -) 0 C> ^ -). 

We also denoted by ^VEsra Fourier-Mukai transforms defined by the Poincare bundle 
Psam on Esm X Pic°(i?sm)- {Vx is the universal family of the Jacobian variety Pic°(X)). 

One can understand the isomorphism (6.2) in terms of K-theoretic Fourier-Mukai trans¬ 
forms <F^, which is the automorphism on the Grothendieck group 

K{D\{E,^)) = K{Coh{E,^)) 

induced by We can further consider the induced automorphisms on the numerical 

Grothendieck group Num(i?sm)- 

Denote it by to and (p-p the automorphisms on Num(i?sm) induced by To and Since 
Num(F^sm) — ^^5 they can be realized as matrices. The result is 



In fact, this argument gives us a homomorphism FM(i?sm) —)■ SL(2,Z) of groups, and one 
can show that it is indeed an isomorphism. 

Now note that the part Aut(i?sm) x Pic°(i?sm) acts trivially on DredU(i?sm)- Thus it is 
natural to consider the action of Z (generated by shifts of complexes) and FM(i?sin) on on 
DredU(i?sm)- By the description ( 6 . 1 ) and ( 6 . 2 ), these parts coincide with the universal over 
SL(2, Z) of SL(2, Z), which sits in the short exact sequence 

1 -^ Z-> SL(2, Z)-^ SL(2, Z)-^ 1 , 


acts on the algebra Di.edU(i?sm)- 

To write down the SL(2, Z)-action, we need to introduce the winding number. Note that 
we can lift the natural SL(2, Z)-action on the circle = (M^ \ {0})/M>o to an 

SL(2, Z)-action on M by the identihcation = M/2Z. 


Definition 6.12. (1) For a (r, d) G Z*, denote by (r : d) the corresponding element of 

= PR^, and by (r : d) G R any lift of {r : d). 

(2) For a slope d/r E QU {±cxd} and an element 7 G SL(2, Z), dehne the winding number 
d/r) E Z by 


tc(7, d/r) 


#(zn 7 :(i),7((r :<())]) 

-#(zn [777,7((UU)]) 


if {r : d) < 7 ((r : d)) 
otherwise 


Here (r : d), 7 ((r : d)) denotes the interval between (r : d) and 7 ((r : d)) in R. 
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Fact 6.13 ([BuS12, (6.16)]). The group SL(2,Z) acts on DredU(F'sm) by 

l{K) = ky(^), 7(^x) = 

for 7 G SL(2,Z), 

Remark 6.14. For the ordinary Hall algebra 'Hext(A) of a hnitary abelian category A, the 
existence of the action of Aut(D'’ A) on the Drinfeld double of the algebra is shown by Cramer 

|C10|. 

Finally we can state the second main result of [BuS12]. 

Fact 6.15 ([BuS12]). The Fourier-Mukai transform ^-p with the Poinvare bundle as its 
kernel induces the algebra automorphism = 9 on DredU(F'sjn) = U (8) IK. 


7. The case for irreducible projective curves of arithmetic genus one 

In this section we will give the main result of this paper. We investigate the motivic-Hall 
algebras for singular irreducible projective curves of arithmetic genus one, namely, a singular 
elliptic curve with a node or a cusp. The hnal result will be quite similar to the smooth 
elliptic case. 

In this section { denotes a hxed algebraically closed held of characteristic zero. C denotes 
an irreducible reduced projective curve over t, so that it may be singular. 

7.1. Semistable sheaves on singular elliptic curves and Fourier-Mukai transforms. 

We follow [BuK06] for the description of semistable sheaves on C. 

The numerical Grothendieck group Num(C') is isomorphic to Z^ as modules by the homo¬ 
morphism 

Num(C') ^ Z^, 8^ (rk(T), deg(T)). 

Recalling §5.2, we denote by jj,{8) := deg(T)/rk(T) the slope of T G Coh(G), and consider the 
slope stability of coherent sheaves. Denote by the full subcategory of Coh(G) consisting 
of semistable sheaves of slope v. 

Here is the fundamental fact on the semistable sheaves on C. 

Fact 7.1 ([BuK06, Corolary 4.3]). For any z/ G Q U {cxd}, the category is equivalent to 
the category Soo = Tor(G) of torsion sheaves. 

The equivalence is realized by Foruier-Mukai transform. Recall the exact sequence (6.1). 

1-^ Z © Aut(C') K Pic°(C')-> Aut(D^V(C'))-^ FM(C')-> 1 . 

By [BuK05], the subgroup of FM(G) generated by the spherical twists Tq^ and where 
xq is a regular point of C, is isomorphic to SL(2,Z). 

In the category Soo = Tor(G), the stable sheaf is precisely the structure sheaves of 
closed points x of C. If C is singular with one singular point s, then all the structure sheaf 
Og is the unique non-perfect stable sheaf in Soo- 

As a consequence of Fact 7.1, for each z/ G Q U {cxd} there is precisely one object of S,^ 
which is stable but not perfect. 


7.2. Motivic zeta fuuctiou. Here we study the motivic zeta functions for irreducible curve 
of arithmetic genus one. Recall that t denotes an algebraically closed held of characteristic 
zero, and E denotes an irreducible reduced projective curve of arithmetic genus 1 over F 


Proposition 7.2. The motivic zeta function Cmot(-E; z) of the curve E has the form 


Cmot(-®j ^) 


1 © az © Ez'^ 
(1 — z){l — hz) 


with a G A'(Var/t). 
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Proof. It follows from the result of [AP96], where the result was shown for the ordinary 
Hasse-Weil zeta function in the case when E is dehned on the hnite held ¥q. □ 

7.3. The composition subalgebra. Now we consider the motivic Hall algebra for a pro¬ 
jective curve E of arithmetic genus 1. Recall Dehnition 3.20 in §3.5 where we dehned the 
composition subalgebra E{E). On the reduced Drinfeld double of U(i7), we have a similar 
result as in the case of a smooth elliptic curve. Let U be the gl^-quantum toroidal algebra 
considered to be dehned over Q(gi, ^ 2 )- 


Theorem 7.3. Di.edU(i7) is isomorphic to U ®Q{qi,q2) IK. Here the ring homomorphism 
5'2) —t IK = K{St/t) is defined by mapping qi and q2 to the inverse of the zeros of the 
motivic zeta function of E. Namely we put 


Cmot(L'! z) 


(1 -gi^)(l -g2^) 
(1 — z){l — L^) 


Proof. As mentioned at Fact 6.10, the isomorphism DredU(i7sm) — U 0 IK, comes from the 
SL(2, Z)-action. As we observed in §7.1. we have that action on Di.edU(i7). Proposition 5.4 
claims that the relation on the composition subalgebra only depends on the motivic zeta 
function ( — a;z). Since by Proposition 7.2 ({E]z) and ({Es.^;z) have the same form, we 
know that the generators of U(i7) satisfy the same relations as U(i7sm)- Thus DredU(i7) has 
the same description as DredU(i7sm) has in Fact 6.10. □ 

By the comparison of the Fourier-Mukai transforms, we also have 


Theorem 7.4. There is a Fourier-Mukai transform inducing the algebra automorphism 9i 
on the algebra DredU(i7) = U 0 IK. 
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